central empirical finding is a relatively high correlation between his interval-cycle proximity (ICP) model and the theorist Walter Piston's (1979) Table of Usual Root Progressions. The fit between these two models can be understood in terms of a classification of chord progressions by root interval class (second, third, fifth) and directionality (strong, weak). The ICP model does not perform as well on data on chord progressions in Tymoczko's (forthcoming) corpora of music by Bach and Mozart. The alternative MHP model (Quinn, 2010) does not fit the Piston data as well as the ICP model, but it fits the corpus data better than the ICP model.
MEEÙS'S CLASSIFICATION OF CHORD PROGRESSIONS
, adapted from Woolhouse's Table 4 , compares Piston's estimates of chord-transition likelihood (unshaded numbers) with the chord-attraction values output by Woolhouse's model (shaded numbers). The Spearman rank-order correlation between these two models is r s = 0.68, a number Woolhouse interprets as indicating "broad agreement" between them. DeVoto's 1987 revision of Piston, which Woolhouse does not seem to have consulted, includes some adjustments to the Table of Usual Root Progressions. These adjustments are indicated in parentheses in Table 1 ; when they are taken into account the correlation with Woolhouse's model reaches an even more impressive r s = 0.81. Let us take a closer look at this "broad agreement." Some cells in Table 1 contain boldface numbers, and others contain italicized numbers. The particularly observant reader will have noticed that the boldface numbers are, on the whole, greater than the italicized numbers. The typographic asymmetry reflects a theoretical asymmetry among chord progressions that was suggested by Schoenberg (1954) , worked out by Meeùs (2000) , and further contextualized by Tymoczko (2003) . What Meeùs observed, at Schoenberg's prompting, was that chord progressions involving a descending fifth (as iii-vi), descending third (as IV-ii), or ascending second (as IV-V) are stronger and more common than chord progressions by ascending fifth (as vi-iii), ascending third (as ii-IV), or descending second (as V-IV). Meeùs refers to chord progressions of the former category (strong and frequent) as dominant, and to those of the latter category (weak and infrequent) as subdominant. I shall use the less musictheoretically freighted terms strong and weak instead. The opposition between strong and weak progressions is what gives tonal harmony a directional character: the retrograde of every strong progression is a weak progression, and vice versa. We can therefore characterize any diatonic chord progression in terms of two independent factors: the interval class by which the root moves (second, third, or fifth) and the directionality of that motion (strong or weak).
Boldface numbers in Table 1 correspond to strong progressions, and italicized numbers to weak progressions. On average, Piston predicts a chord will be more likely to be followed by a chord forming a strong progression than one forming a weak progression: strong progressions have a mean likelihood of 2.76, compared to 2.14 for weak progressions (see Figure 1 ). Likewise, Woolhouse's model asserts a stronger attraction from the first chord to the second in a strong progression (mean attraction of 0.62) than in a weak progression (0.53). Not only do the Piston and Woolhouse models agree on this effect of directionality, but they also agree on the effect of root interval class. For one thing, among strong progressions, descending fifths are strongest on average (3.43 for Piston, 0.73 for Woolhouse), followed by ascending seconds (2.71 and 0.67), with descending thirds coming in last (2.14 and 0.44) . When it comes to weak progressions, the hierarchy of intervals is basically preserved: the strongest of the weak progressions are the ascending fifths (2.43 and 0.62) and the descending seconds (2.14 and 0.63), followed by the ascending thirds (1.86 and 0.34).
WHY WOOLHOUSE'S CHORD MODEL SUCCEEDS
Piston's model is a black box, but Woolhouse's is transparent, and we are thereby able to see clearly why it manages to produce attraction values that reflect the effects of both progression directionality (strong versus weak) and root interval class (fifth versus second versus third). Before turning to this explanation, some details of Woolhouse's model must be reviewed. The model is based on what Woolhouse calls the Interval Cycle Proximity (ICP) Hypothesis, which he characterizes as follows:
Tonal attraction is proportional to the sum of the interval cycles formed between sequential pairs of pitches and/or chords. High interval cycles lead to strong tonal attraction; low interval cycles lead to weak tonal attraction.
For the discussion that follows, it will be convenient to separate this into two more or less independent components: a pitch-class model and a chord model. The pitch-class model proposes that the tonal attraction between two notes separated by an interval of i semitones is directly proportional to the smallest positive integer c such that ci = 0 (mod 12). This number c is what Woolhouse calls the interval-class proximity (ICP) of the pitch-classes in question. The chord model scales the pitch-class model up to collections of pitches, hypothesizing that the tonal attraction between two pitch collections X = {x 0 , x 1 , ... , x m } and Y = {y 0 , y 1 , ... , y n } is simply a weighted average of the attractions between individual pairs of notes (x i , y j ). Woolhouse has some specific ideas about what the weights should be, suggesting that certain intervals be given additional weight in cases where one or more of the chords in question has an identifiable root and/or is dissonant. For example, given a progression between two consonant triads, the Root Salience component of his model multiplies the attraction values for intervals involving the first chord's root by β > 1, and likewise multiplies the attraction values for intervals involving the second chord's root by γ > β.
The ICP-based pitch-class model has two curious side effects. The first is that if the intervals i and j and inversions of each other, that is if i = -j (mod 12), then they will have the same attraction value. Since the effect of running an interval backwards is to invert it [2] , Woolhouse's commitment to an ICP-based pitch-class model smuggles in an assumption that tonal attraction is invariant under both pitch-class inversion and retrogradation. His scheme for differentially weighting intervals in the chord model is partly designed to overcome this assumption.
The second side effect of the pitch-class model is that the seven chromatic interval classes can be collapsed onto the four diatonic interval classes while (mostly) maintaining a hierarchy of tonal attraction. That is, both varieties of diatonic second (1 and 2 semitones) have higher ICP values (12 and 6, respectively) than both varieties of diatonic third (3 and 4 semitones, with ICP values of 4 and 3, respectively), and all of these have higher ICP values than the unison (0 semitones, ICP = 1). The only exception to this is the tritone (6 semitones, ICP = 2), which has a markedly lower ICP than its diatonic cousin, the perfect fourth (5 semitones, ICP = 12).
We are now in a position to understand why Woolhouse's model shows an effect of root interval class. Of the nine intervals involved in a progression from one consonant three-note chord to another, the one that gets the most weight in Woolhouse's chord model is the interval between the roots: the attraction value between the roots is multiplied both by β and by γ. With Woolhouse's values of β = 4 and γ = 8, the attraction value of this interval alone will account for slightly more than half of the weighted average that determines the attraction value of the progression as a whole. For this reason, the hierarchy of tonal attraction among diatonic intervals is in large part maintained when chords are built on those intervals. Root motions by fifth (which are always perfect in the case of diatonic consonant triads) will always have an ICP of 12; root motions by second will have an ICP of either 12 or 6; and root motions by third will always have an ICP of 4 or 3. And so, as we have seen, chord progressions by fifth tend to have an attraction value that is the same as or higher than chord progressions by second, and chord progressions by third tend to have relatively low attraction values.
Figure 2.
Interval classes between the non-root members of the first chord and the root of the second chord in the six types of chord progression, by root interval class (left to right). An ascending fifth is the same as a descending fourth, and vice versa.
The effect of directionality (strong versus weak) requires a bit more explanation. The difference between the attraction values of a progression and its retrograde depends on two factors: (a) the values of β and γ and (b) the attraction values of the intervals between the root of one chord and the non-root tones of the other. If we label the two chords x (comprising root x R , third x 3 , and fifth x 5 ) and y (comprising y R , y 3 , and y 5 ), and refer to the attraction value of the interval from p to q as a(p,q), then the attraction value of the progression from x to y is (1) Because Woolhouse's ICP model gives an interval and its inverse the same attraction value, the difference in attraction values between a chord progression and its retrograde can be expressed as 
where W(x, y) is equal to the sum of the attraction values from the third and fifth of x to the root of y:
and where k is a constant determined by β and γ:
So the requirement that γ be greater than β ensures that the difference between A(x, y) and A(y, x) will necessarily be directly proportional to the difference between W(x, y) and W(y, x). And as it turns out, W(x, y) is greater than W(y, x) if and only if x → y is a strong progression, with just one exception. Figure 2 shows why this is so. For all six types of chord progressions (ascending and descending root motions of a second, third, and fifth), the figure highlights the intervals involved in calculating W(x, y), i.e. the intervals from the third and fifth of x to the root of y. For every strong progression these intervals are either both seconds, or one is a second and the other is a fourth/fifth. These are the intervals associated with the highest ICP values -perfect fourths/fifths and minor seconds have an ICP of 12, and major seconds have an ICP of 6. Every weak progression, on the other hand, has a third (ICP = 3 or 4) as one of these intervals, and most have a unison (ICP = 1) as the other.
TESTING WOOLHOUSE'S MODEL ON CORPUS DATA
Thus far we have been concerned with explaining the correlation between the attraction values produced by Woolhouse's model and Piston's (1937) and Budge (1943) , analyzes chord frequencies in two corpora -selected Bach chorales and selected Mozart piano-sonata movements -as first-order Markov processes. 3 Tymoczko's transition tables for chords are shown in Table 2 , with strong and weak progressions indicated typographically as in Table  1 . We can treat these probabilities as an empirical index of the attraction from one chord to another. Figure 3 shows that there are effects of both root interval class and directionality on these empirically Table 2 .
mean attraction value
derived attraction values. Indeed, both corpora show both effects to a much stronger degree than either Woolhouse's model or the Piston-derived typicality ratings. The effect of directionality (strong versus weak) is especially exaggerated in the corpus data. The corpora also show a much sharper distinction between progressions by third (low attraction) and by fifth (high attraction) than the two theoretical models. It would seem that the Piston-derived typicality ratings understate the differences between progressions that happen and those that do not happen. To point out just a few cases, Piston rates iii-IV, ii-vi, and vi-iii as belonging to the second most typical category of progressions, and Woolhouse's model produces high attraction values for them, yet all are quite rare in both the Bach and Mozart corpora. The question now arises whether the ICP model is as highly correlated with Tymoczko's transition tables as it is with Piston's table. Before the ICP model's attraction values can be directly compared to probabilities, they must be normalized row by row. This is accomplished by dividing the attraction value of chord x to chord y by the total of the attraction values from chord x to each of the seven chords. The normalized attraction values can then be directly compared to Tymoczko's chordtransition data using Pearson's product-moment correlation method instead of the Spearman rank-order correlation method. As it turns out, the ICP model is a better fit with Piston's 
WHY WOOLHOUSE'S PITCH-CLASS MODEL DOES NOT SUCCEED
Elsewhere (Quinn, 2010) I have proposed a modification to Woolhouse's pitch-class model that preserves his chord model while swapping out the underlying pitch-class model. Instead of intervalclass proximity, this alternative model is based on two ideas: (a) ascending and descending steps and fifths alone are the basis of attraction, and (b) an interval does not necessarily have the same attractive power as its inversion. This pitch-class model, which I called melodic-harmonic proximity (MHP), is presented alongside Woolhouse's ICP pitch-class model in Table 3 . The MHP-based method of determining attraction values for chord progressions is identical to Woolhouse's procedure in all other respects, i.e. those pertaining to the chord model. The goal of comparing the performance of the ICP pitch-class model and the MHP pitch-class model in Woolhouse's attraction-value algorithm is to test whether interval-class proximity has as much explanatory value as Woolhouse claims for it. The two models are based on two unrelated claims about how tonal attraction works, yet they make reasonably close predictions about attractions between single pitch-classes. This correlation is coincidental, an effect of the law of small numbers. Suppose the MHP-based model performs better than the ICP-based model. This would give us reason to accept the MHP hypothesis and to reject the ICP hypothesis, accruing the success of the ICP-based model to the correlation between the two pitch-class models. In fact, the MHP-based chord model has proved to explain Woolhouse's other data better than his own ICP-based chord model (Quinn, 2010) . If it turns out that it also explains the chord-progression data better than the ICP model, further doubt will be cast on the ICP Hypothesis. Figure 4 shows. And this finding, on its own, constitutes prima facie evidence that the MHP Hypothesis is more likely to be correct than the ICP Hypothesis.
What advantage does the MHP pitch-class model have over the ICP model? An important difference between the two is that many intervals have an MHP value of 0, and a positive ICP value. The intervals having this property include the major and minor thirds and sixths, plus the unison/octave -precisely the intervals given extra weight by Woolhouse's chord model when faced with a weak progression (recall Figure 2) . As a result, the attraction values for chord progressions in the ICP model show a floor effect. When converted to transition probabilities in the manner described above, ICP attraction values for consonant diatonic chord progressions get no lower than 0.096 (for I-iii), and the lowest attraction value for any nontrivial chord progression is .042 (for ii-vii o ). The corresponding minima for the MHP-based model are .024 (for iii-V) and .013 (for vii o -ii). The raised floor for ICP attraction values is due to the assignment of nonzero attraction to all intervals. As Figure 5 shows (by comparison with Figure 2) , the net effect is a closer resemblance between the model and the corpus data. [5] As we have seen, Woolhouse's chord model makes better predictions when the pitch-class model gives attraction values of zero for unisons, thirds, and sixths. Yet the ICP pitch-class model not only gives nonzero values for those intervals, it also makes distinctions among their attraction values that are not based on any direct empirical evidence. It may be that Woolhouse is willing to overlook these problems because the ICP Hypothesis is so simple: all the attraction values come from a single explanatory principle having to do with the lengths of interval cycles. Yet it is far from clear that Occam's razor would lead us to choose ICP over MCP. ICP may be driven by a single, elegant, and numerical principle, but it is hard to imagine how ICP could be implemented cognitively. Do listeners tacitly project intervals into interval cycles and calculate their lengths? Woolhouse does not cite any experimental evidence of this kind of projection. Nor does he explain why this particular faculty would be recruited for processes related to tonal attraction. His closest approach to an explanation of this type is a speculation about how the relationship between interval cycles and tonal attraction might be implemented (cross-domain mapping), but the question of why this relationship might arise is not raised. 
CONCLUSIONS
Woolhouse starts with the hypothesis that there is a meaningful relationship between the tonal attraction inherent in an interval and the number of times that interval needs to be compounded on itself to yield a whole number of octaves. The foregoing analysis suggests that any such relationship is based on an incidental correlation between an interval's ICP and its MHP. The ICP-based model performs well on the Piston's Table of Usual Root Progressions, but the MHP-based model outperforms the ICPbased model on the corpus data, which is arguably a more important gold standard than Piston's table.
In the final section of his paper, Woolhouse sketches a hypothesis about the emergence of common-practice tonality from the modal system that preceded it. He is interested in the idea that the diatonic scale under the modal system admitted finals on six of the seven scale degrees, but that eventually four of those possibilities fell away, and only the major and minor tonics remained (C and A in the white-note diatonic scale). His hypothesis is that in modal system's heyday, "ICP played little or no part in the cognition of tonal attraction," but that "in the seventeenth century, ICP became increasingly important cognitively." The only evidence he adduces is anecdotal, taking the form of demonstrations that the ICP Hypothesis predicts that the notes of the diatonic scale are collectively attracted to notes of the C major and A minor triads. I have elsewhere addressed the problems with this line of reasoning (Quinn, 2010) . Here I will point out only that the MHP Hypothesis also makes this prediction, and that Woolhouse has a long way to go before establishing that ICP in particular has anything to do with tonal cognition.
My own feeling is that the ICP Hypothesis is not in fact correct, but that Woolhouse's model is otherwise reasonable. Figure 2 and the associated discussion demonstrated why Woolhouse's chord model, when equipped with a pitch-class model that ranks steps and fifths above unisons and thirds in terms of tonal attraction, is capable of distinguishing between strong and weak progressions. This distinction, in turn, helps to explain both Piston's intuitions about chord progressions and Tymoczko's empirical findings.
